Summary. Some kinds of perfect spaces, including paracompact perfectly normal spaces and collectionwise normal perfect spaces, are characterized in terms of continuous selections avoiding supporting sets. A necessary and sufficient condition on a domain space for a selection theorem of E. Michael [Fund. Math. 47 (1959), 173-178] to hold is also obtained.
1. Introduction. Throughout this paper, all spaces are assumed to be T 1 -spaces. Let 2 Y denote the set of all non-empty subsets of a space Y . For a mapping ϕ : X → 2 Y , a mapping f : X → Y is called a selection of ϕ if f (x) ∈ ϕ(x) for each x ∈ X. In [7] , E. Michael established theorems on continuous selections for convex-valued mappings, which characterize several topological properties such as paracompactness, normality, collectionwise normality and perfect normality. In most of the theorems, set-valued mappings are assumed to be closed-valued. On the other hand, Theorem 3.1 in [7] characterizing perfect normality ensures the existence of continuous selections for some set-valued mappings with non-closed values. An essential part of the proof is to obtain a continuous selection avoiding supporting sets of each value for a closed and convex-valued mapping.
The set of all non-empty closed convex subsets of a Banach space Y is denoted by F c (Y ). For K ∈ F c (Y ), a supporting set S of K is a closed convex proper subset of K such that if an interior point of a segment in K is contained in S, then the whole segment lies in S. For example, supporting sets of finite-dimensional simplexes are their proper faces. Let I(K) denote the set of all points of K which are not in any supporting set of K. A mapping ϕ : X → 2 Y is called lower semicontinuous (l.s.c. for short) if for every open subset V of Y , the set ϕ −1 [V ] = {x ∈ X | ϕ(x) ∩ V = ∅} is open in X. A topological (respectively, normal) space is said to be perfect (respectively, perfectly normal ) if every open subset is an F σ -set. Theorem 3.1 in [7] can be restated as follows. Theorem 1.1 (E. Michael [7] ). A T 1 -space X is perfectly normal if and only if for every separable Banach space Y , every l.s.c. mapping ϕ : X → F c (Y ) admits a continuous selection f : X → Y such that f (x) ∈ I(ϕ(x)) for each x ∈ X.
In [8] , E. Michael proved a theorem on dense families of continuous selections, and extended the "only if" part of Theorem 1.1 to arbitrary Banach spaces, but for more restrictive domains. Theorem 1.2 (E. Michael [8, Corollary 1.3] ). If X is a metrizable space, then for every Banach space Y , every l.s.c. mapping
As in [7] , several topological properties of domain spaces X have been characterized in terms of selections (see also [12] , [13] ). From this point of view, Theorem 1.2 suggests the possibility of characterizing a certain class of perfectly normal spaces. The purpose of this paper is to obtain characterizations of some classes of perfect spaces in terms of selections avoiding supporting sets.
In Section 2, we consider set-valued mappings with compact values, and prove characterizations of paracompact perfectly normal spaces and collectionwise normal perfect spaces in terms of continuous selections.
In Section 3, we obtain a necessary and sufficient condition on X for the conclusion of Theorem 1.2 to hold. The first infinite ordinal number is denoted by ω. For a space X, a cover U of X and x ∈ X, let ord x U = Card{U ∈ U | x ∈ U }, where Card stands for cardinality. Let us say that a space X has property (S) if for every open cover U of X, there exists a σ-discrete collection F of closed subsets of X such that if x ∈ U ∈ U and ord x U ≤ ω, then x ∈ F ⊂ U for some F ∈ F. This property is suggested by a characterization of perfect spaces due to J. M. Worrell, Jr. and H. H. Wicke [17] (see Lemma 2.3). We prove the following. Theorem 1.3. A T 1 -space X is a paracompact Hausdorff space satisfying (S) if and only if for every Banach space Y , every mapping ϕ :
Note that the Sorgenfrey line is a non-metrizable paracompact Hausdorff space satisfying (S) (see Remark 3.8 ). An analogous result for separablevalued mappings is also obtained in Section 3.
In this paper, we use the following notation and terminology. The set of all positive integers and the set of all real numbers are denoted by N and R, respectively. An ordinal number is the set of smaller ordinal numbers, and a cardinal number is an initial ordinal number. The first uncountable ordinal number is denoted by ω 1 . Throughout this paper, γ stands for an infinite cardinal number. The closure of a subset A is denoted by Cl A. The weight of a space Y is denoted by w(Y ). An indexed collection {U λ | λ ∈ Λ} of subsets of a space X is point-countable if for each x ∈ X the set {λ ∈ Λ | x ∈ U λ } is countable, while 
For undefined notation and terminology, we refer to [1] .
Theorems for mappings with compact values.
In this section, we obtain characterizations of some kinds of perfect spaces in terms of mappings with compact values. The following lemma was essentially proved by E. Michael (see the proof of [7, Theorem 3.1 ]). Lemma 2.1 (E. Michael [7] ). Let X be a topological space, Y a Banach space and ϕ : X → F c (Y ) a mapping. If there is a countable collection
Thus, a key to obtaining a continuous selection that avoids supporting sets is to construct a sequence of continuous selections as in Lemma 2.1.
for each x ∈ X. For l.s.c. set-valued selections, we have the following. Lemma 2.2. Let X be a perfect space, Y a Banach space, ϕ : X → F c (Y ) an l.s.c. mapping and A an F σ -set of X such that {x ∈ X | ϕ(x) is compact} ⊂ A. Then there exists a sequence {φ i | i ∈ N} of l.s.c. set-valued selections φ i : X → F c (Y ) of ϕ such that φ i (x) = ϕ(x) for each x ∈ X A and i ∈ N, and for each x ∈ X with ϕ(x) compact, every open subset W of Y with ϕ(x) ∩ W = ∅ contains φ i (x) for some i ∈ N.
To prove Lemma 2.2, we need the following lemma which was essentially proved by J. M. Worrell, Jr. and H. H. Wicke [17] (see also [11, Theorem 3] ).
Lemma 2.3 (J. M. Worrell and H. H. Wicke [17, Lemma]).
For every open cover U of a perfect space X, there exists a σ-discrete collection F of closed subsets of X such that if x ∈ U ∈ U and ord x U < ω, then x ∈ F ⊂ U for some F ∈ F.
Proof of Lemma 2.2. Our proof is based on the idea used by E. Michael [8] .
. (see [7, Propositions 2.3, 2.4 and 2.6]). For each
The following lemma is easy to verify and we omit the proof.
We have the following characterization of perfect spaces.
Theorem 2.5. For a topological space X, the following statements are equivalent.
Since ϕ n (x) is bounded and complete, the
where ϕ n (x) N is endowed with the product topology, is continuous. Thus θ n is l.s.c., and θ n (x) is compact whenever ϕ(x) is compact. Since each θ n i is convex-valued, so is θ n . If ϕ(x) is compact and y i ∈ θ n i (x) for each i ∈ N, then the set {y i | i ∈ N} is dense in ϕ n (x). By Lemma 2.4 and the same argument as in [7, Lemma 5 .1], we have θ n (x) ⊂ I(ϕ n (x)) = I(Cl(ϕ(x)∩B(0, n))) ⊂ I(ϕ(x)) whenever ϕ(x) is compact. Thus the mapping φ n :
Here, {U n | n ∈ N} is an open cover of the perfect space X such that U n ⊂ U n+1 for each n ∈ N. Thus each open set U n can be written as U n = i∈N E n i , where E n i , i ∈ N, are closed subsets of X. Put F 0 = ∅ and F n = i≤n E i i for each n ∈ N. Then {F n | n ∈ N} is a closed cover of X such that F n ⊂ U n and F n ⊂ F n+1 for each n ∈ N, and hence 
A space X is γ-paracompact if every open cover U of X with Card U ≤ γ is refined by a locally finite open cover of X. Theorem 2.6. For a T 1 -space X, the following statements are equivalent.
(a) X is γ-paracompact and perfectly normal. A space X is said to be γ-PF-normal if every point-finite open cover U of X with Card U ≤ γ is normal. A space is called PF-normal ( [15] ) if it is γ-PF-normal for every infinite cardinal number γ. Note that every γ-collectionwise normal space is γ-PF-normal, and ω-PF-normality coincides with normality.
Theorem 2.11. For a T 1 -space X, the following statements are equivalent.
(a) X is γ-PF-normal and perfect. X → C c (Y ) admits a sequence {f i | i ∈ N} of continuous selections (S γ ) For every open cover U of X with Card U ≤ γ, there exists a σ-discrete collection F of closed subsets of X such that if x ∈ U ∈ U and ord x U ≤ ω, then x ∈ F ⊂ U for some F ∈ F.
A space satisfies (S) if it satisfies (S γ ) for every infinite cardinal γ. Note that a space satisfies (S ω ) if and only if it is perfect. It is shown in Remark 3.8 that a perfect space need not satisfy (S). Theorem 1.3 follows from the following. , X is normal and γ-paracompact. To show that it satisfies (S γ ), let U be an open cover of X with Card U ≤ γ. For any set Λ, let l 1 (Λ) be the usual Banach space of summable functions s : Λ → R with the norm s = λ∈Λ |s(λ)|. Following [7] , define an l.s.c. mapping ϕ : X → F c (l 1 (U)) by ϕ(x) = {y ∈ l 1 (U) | y = 1, y(U ) ≥ 0 for every U ∈ U, and y(U ) = 0 for all U ∈ U with x / ∈ U } for x ∈ X. Here w(l 1 (U)) ≤ γ. By (c), there exists a continuous selection f : X → l 1 (U) of ϕ such that f (x) ∈ I(ϕ(x)) whenever ϕ(x) is separable. Let B be a σ-discrete base for l 1 (U).
We claim that the σ-discrete closed collection {f −1 (Cl B) | B ∈ B} satisfies the condition of (S γ ). Indeed, let x ∈ X with ord x U ≤ ω and x ∈ U ∈ U. Then ϕ(x) is separable. Since S = {y ∈ ϕ(x) | y(U ) = 0} is a supporting set of ϕ(x), we have f (x) / ∈ S and hence f (x)(U ) > 0. Take B ∈ B such that f (x) ∈ B and diam B < f (x)(U ). For each z ∈ f −1 (Cl B),
The following example shows that, if a closed convex subset K of a Banach space is not separable, then I(K) may be empty. Thus the separability of values of a set-valued mapping is necessary in order that a selection may avoid all supporting sets of its values.
Example 3.2. Let Λ be an uncountable set and put K = {s ∈ l 1 (Λ) | s(λ) ≥ 0 for each λ ∈ Λ}. Take s ∈ K arbitrary. Then there exists λ s ∈ Λ such that s(λ s ) = 0 and the set S = {t ∈ K | t(λ s ) = 0} is a supporting set of K containing s. Thus I(K) = ∅. X → S c (Y ) admits a sequence {f i | i ∈ N} of continuous selections
To prove Theorem 3.3, we need some preparation. S. Nedev [10] proved the following selection theorem for γ-PC-normal spaces (note that, in the realm of normal spaces, γ-PC-normality coincides with γ-pointwise-ω 1 -paracompactness of [10] ). Proof. Let X, {F λ | λ ∈ Λ} and {U λ | λ ∈ Λ} be as in the statement.
point-countable open cover of X such that Card G ≤ γ, and hence G is normal. Thus there exists a normal sequence
Let us prove Theorem 3.3.
Proof of Theorem 3.3. (a)⇒(b). Assume (a) and let U be a point-countable open cover of X with Card U ≤ γ. Take a σ-discrete closed base F = i∈N F i of U, where F i is discrete. We may assume F refines U and each F ∈ F is non-empty. For each F ∈ F, the set {U ∈ U | F ⊂ U } is countable, say {U (F, j) | j ∈ N}. Fix i, j ∈ N and put
Then {E U | U ∈ U (i,j) } = F i , and U (i,j) is a point-countable open expansion of the discrete collection {E U | U ∈ U (i,j) } of closed subsets of X of cardinality ≤ γ. By Lemma 3.5 and the normality of X, there exists a discrete collection Since W is γ-PC-normal, by Theorem 3.4, ϕ W k admits a continuous selection g W k : W → Y . Each W ∈ i∈N W i can be written as W = n∈N F W n for some closed sets F W n , n ∈ N. Then {F W n | W ∈ W (i,j) } is a discrete collection of closed subsets for each i, j, n ∈ N. For i, j, k, n ∈ N, define ϕ (i,j,k,n) : X → S c (Y ) by ϕ (i,j,k,n) (x) = {g W k (x)} if x ∈ F W n and W ∈ W (i,j) , and ϕ (i,j,k,n) (x) = ϕ(x) otherwise. Since ϕ (i,j,k,n) is l.s.c., there is a continuous selection f (i,j,k,n) : X → Y of ϕ (i,j,k,n) . Then {f (i,j,k,n) | i, j, n, k ∈ N} is the required sequence. , and all points of D × ω are isolated. Then T satisfies (S ), since it is separable and perfect. On the other hand, T fails to satisfy (S), since it contains a closed subspace X[≥] × {ω} which does not satisfy (S).
